The concepts of the non-Euclidean plane geometry can be defined in terms of the notions joining and intersecting of geometric entities as follows:' We call a system of three lines a maximal triangle if (1) no two of them intersect, (2) through any pbint of each of the three lines there exists exactly one line which intersects neither of the other two lines.
through P' and Q', respectively, such that L, M, N are mutually distinct and parallel, and let M' and N' be two lines through P and Q, respectively, such that L', M', N' are mutually distinct and parallel; then the line joining the point of intersection of M and M', with the point of intersection of N and N' is parallel to both L and L'. Two pairs of points P, Q and P", Q" on two non-parallel lines L and L' are said to be congruent if there exists a pair of points P', Q' congruent with both pairs and contained in a line L' parallel to both L and L'.
However, these definitons hold not only in the Bolyai-Lobatchefski geometry but in any plane geometry admitting a model in the interior of some convex curve if congruency is defined in the Cayley-Klein way by means of the cross-ratio with respect to the boundary. Among all these geometries that of Bolyai-Lobatchefski can be characterized by means of Pascal's theorem: We call a system of six lines L1, ... , L6 a maximal hexagon provided that Li and L} are parallel if Ii -j 1 (mod 4) and not parallel if Ii -jl -0 (mod 2). We now can characterize BolyaiLobachefski geometry by assuming: If the three pairs of opposite sides of a maximal hexagon intersect, then the three points of intersection are collinear.
By modifying the assumptions of Bolyai-Lobatchefski geometry which imply the convexity of the plane model we can develop other non-Euclidean geometries which admit plane models in domains that are not convex, even not simply connected or not connected. In these geometries the lines passing through a point P and not intersecting a line L may fill two or more angular sectors so that we can speak of four or more parallels to L through P. Assumptions such as these may on the other hand serve to characterize types of domains in the plane and in higher dimensional spaces.
The foundation of affine geometry on the joining and intersecting operations led so far2 only to a restricted affine geometry (to the theorems not dealing with the between-relation). The whole affine geometry can be developed ultimately in terms of the two projective operations by completing the non-Euclidean space whose projective theory was sketched above, or, what is equivalent, by first developing the theory of an open part of the affine space and then introducing points of infinity corresponding to the boundary and ultra-infinite points corresponding to the exterior. We shall develop the theory of a closed part of the affine plane and then introduce ideal points of one type.
We start with the concepts of joining (primary) points and of intersecting (primary) lines, the concepts of points and lines themselves being derivable from the operations of joining and intersecting in the usual way2 (point as that which has no proper part except the vacuum V, line as that which is not a proper part of anything except the universe U). A system of three lines for which there exists no line intersecting exactly one of the three lines of the system we call a maximal triangle. Two lines are called coextremal if together with some third line they form a maximal triangle. If P1, P2, P3 are three distinct points of a line we say that P2 lies between P1 and P3 if any line passing through P2 intersects at least one of any two coextremal lines S1 and S3 passing through P, and P3, respectively.
We now introduce ideal points as certain pairs of non-intersecting lines. (Although these pairs could be characterized at this point, for brevity this will be deferred.) Two pairs of lines S1, S2 and S2, S3 are said to define equal ideal points if Si, S2, S3 contain two triangles of points that are perspective from a line. The primary points and the ideal points together will be called secondary points. Three secondary points Ql, Q2, Qs are said to be secondarily collinear if there exist three pairs of primary lines S,, S2 (i = 1, 2, 3) defining Qt, respectively, such that S,, and S, have a primary point Pk in common, and such that the triangles P12, P23, Pl1 and P12, P23, P'1 are perspective from a primary point. If the law of Desargues is postulated for the joining and intersecting of primary elements, then the equality of ideal points is transitive, and three secondary points which are primary points are secondarily collinear if and only if they lie on a primary line. The secondary lines are thus extensions of the primary lines, the latter appearing as closed segments of the former if we define: The secondary point Q2 lies between the secondary points Q, .and Q3 if the three points lie on a secondary line and if there exists a primary point P and a primary line containing three primary points Pi, P2, P3 such that Pi lies on a secondary line with P and Qi(i = 1, 2, 3), and where P2 lies between Pi and P3 in the sense above defined for primary points.
By formulating the postulates concerning points and betweenness on which affine geometry is ordinarily based, for the secondary points and their betweenness defined above, we get a foundation of affine geometry ultimately in terms of the notions joining and intersecting of primary elements.
We call secondary line any pair of distinct secondary points, the secondary lines Ql, Q2 and Q2, Q3 being considered as equal if the secondary points Ql, Q2, Q3 are secondarily collinear. Assuming the postulates of affine geometry for the secondary points and their betweenness we see that for any given secondary line there exists exactly one secondary line that has no secondary point in common with it and passes through a given secondary point outside the given line. Thus we see that a primary line defines an ideal point with any primary line passing through a point outside except one. If instead we assume that any two distinct primary lines determine an ideal point and that the postulates of projective geometry hold for the secondary points and lines introduced as above, then we get a development of the projective geometry ultimately based on the notions joining and intersecting in which a between-relation is defined for the points of each line after the omission of one point. That is to say, we can develop the geometry of the real projective space including the theories of order and continuity in terms of the notions joining and intersecting.
The algebra of the restricted affine geometry replaces the introduction of an additional undefined concept ("parallel") by a postulate in terms of joining and intersecting ("For each line and each point outside in a plane there exists exactly one line passing through the point and not intersecting the line"). Though by its existential character this postulate differs from the other postulates of the algebra of the restricted affine geometry2 it still is analogous to assumptions of the algebra of numbers (existence of nega-tive and reciprocal numbers). More complicated but essentially of the same logical structure is the foundation of non-Euclidean geometry which replaces the ordinary introduction of additional undefined concepts ("congruent," "between," etc.) by existential postulates concerning joining and intersecting. In the foundation of the whole affine geometry developed above we had to add postulates concerning ideal elements, i.e., classes of primary elements.
We shall now show that one can develop the whole of Euclidean geometry in terms of the notions joining and intersecting by adjoining to these undefined concepts merely a few "constants" in the sense of methodology (viz., four points Pi, . .. , P4) somewhat of the type of the constants V and U involved in algebra of geometry.
We start with the theory of a real projective plane from which we remove (1) a line with the exception of four distinct points, (2). a point outside of this line, (3) another line not passing through this point.3 The next step is to complete the reduced plane by introducing (1) ideal points corresponding to all points on the line through P1, . .. , P4 except the one which it has in common with the other removed line, (2) an ideal point Po corresponding to the removed point outside the two removed lines. In this way we get an affine plane containing the four collinear points Pi, . . ., P4 and the point Po which is not collinear with them. By means of the four constant points Pi, . .. , P4 we can define, in terms of joining and intersecting exclusively, an involution without fixed element in the pencil of lines through Po. Two lines may'be called perpendicular if they are parallel to or identical with two lines through Po that correspond to each other under this involution. Congruency, as well known, can be defined in any affine space for pairs of points which are situated on the same or on parallel lines. In our affine space with perpendicularity we can define moreover:
Two pairs of points 0, A and 0, B where 0, A, B are not collinear, are congruent if the line A + B is perpendicular to the line B + A' where A' is the point collinear with 0 and A but distinct from A for which the pairs 0, A' and 0, A are congruent. In this way all concepts of Euclidean geometry are ultimately expressed in terms of the notions joining and intersecting.
We can develop each of the geometries considered above, for instance, from its ordinary postulates after substituting in them for all undefined concepts involved their expressions in terms of joining and intersecting as they have been defined in this paper. But one could also start with simpler direct assumptions concerning the two projective operations.4 309 (1928) and carried it out in collaboration with F. Alt and 0. Schreiber in the Ann. Math., 37, 465 (1936) . Projective, affine and non-Euclidean geometries of all dimensions deal with two commutative and associative operations, joining and intersecting of elements, either of which admits an indifferent element (a vacuum V and a universe U which do not affect any element by being joined or intersected with it, respectively). The elements form thus what G. Birkhoff calls a lattice, in an extended theory which he developed within the last years and, as far as geometry is concerned, applied to the projective case. Moreover, the operations of all the geometries mentioned above satisfy (1) an absorption law on which definitions of part, point and hyperplane can be based; (2) the assumption that each element is join of a finite number of points, and intersection of a finite number of hyperplanes; (3) the assumption that for any element A, if P is a point there is no element which has the proper part A and is a proper part of A + P, and if H is a hyperplane whose intersection with A is not vacuous there is no element which is a proper part of A and contains the proper part A.H. From these assumptions which one might call those of a geometric lattice we get projective geometry by adding the assumption that also if the hyperplane H has the intersection V with A no element is a proper part of A and contains A.H = V as a proper part or, what is equivalent, no elements (except points) are parallel to hyperplanes. We get a restricted affine geometry according to F. Alt by adding Euclid's parallel postulate. We get nonEuclidean geometry by adding the assumptions specified in the papers quoted in l.
3 Except for some technical complications this theory would be similar to that of a projective plane from which two distinct lines are removed. The latter theory can be derived from the following assumptions: (1) Through each point P there passes exactly By the property specified in the title is meant the following. Let P denote an arbitrary point of the Jordan space curve J, S any sphere about P as center and ; any surface bounded by J. Then the area of the portion of z included within S is infinite.
The author has constructed both geometric and analytic examples of Jordan curves having the infinite area property at a single point.' I have also given analytically a curve J having this property at every point.2 But the example now to be presented is more geometrical and vivid, its possession of the specified property more clear intuitively.
